COMP 690-204 Deep Generative Models

Lecture 4: Variational Autoencoder
(VAE)

Jason Ren
Fall 2026, CS, UNC

*Acknowledgement: Many of the following slides are modified from Kaiming He (MIT)
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Latent Variable Models

Assuming a data generation process:
& & P world model,

* z -latentvariables physics model
e x - observed variables renderer, ...

Z generator X

pose,
size,

color, images,
breed, videos,

audios, ...
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Latent Variable Models 8

Assuming a data generation process:

* z -latentvariables
* x - observed variables x has a distribution

sample from Z SRR

prior distribution

z ~ p(z)
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Latent Variable Models

Assuming a data generation process:

e 7 -latent variables
e x -observed variables

p(z)
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N

generator

p(x|z)




Latent Variable Models

Represent a distribution by a neural network

 O-learnable parameters
* represent a function: pg(x|z)

VN

p(z) Po(X)
Po(x|z)

generator
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Measuring how good a distribution is ... A

Minimize Kullback—Leibler (KL) divergence:

mgin DkL( Pdata || Do)

= Maximize likelihood:

max Ea:dia,ta logpe (:‘U)

0 i

arg min Dyy( Pdata || Po ) tl; dr e "

= argmin Zpdam(aj) log Pdata(7) | Pd&l tﬂ(x) p@(x)
o = po()

- i -~ 1 '

arg min ; Pdata () log po(z) + cons
— 1

arg max Z;pdam(x) og pe ()
= argmax Ezrpyr 10g Do () 6
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Latent Variable Models

We want to maximize E,.,,.,. logpy(z)
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Latent Variable Models

We want to maximize E,.,,.,. logpy(z)

with po(x) represented as:

po(x) = / o (] 2)p(2)d2

'\

p(z)
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generator A

Po(x|z)

Po(x)



Latent Variable Models

We want to maximize E,.,,.,. logpy(z)

with po(x) represented as:

P () = / po (] 2)p(2)}i2

A generator
Two sets of unknowns: 4- ;
 We need to optimize for O
p(2)
* We can’t control “true” p(z) P@(x |Z)

Idea: introduce a “controllable” distribution g(z)
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Latent Variable Models &

log pe () Rewrite log likelihood by latent z

10
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Latent Variable Models &

log po(z) Rewrite log likelihood by latent z
= / q(z) log po(x)dz « for any distribution g(z)

11

COMP 690-204 Deep Generative Models, Fall 2026



Latent Variable Models 8

log pe () Rewrite log likelihood by latent z
= /q(z)logpg(x)dz « for any distribution g(z)
= / q(z) log (p o{zl2)p e(z))dz ° Bayes'rule

% pg(le)

12
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Latent Variable Models 8

log po(z) Rewrite log likelihood by latent z
= /q(z) log pg(x)dz « for any distribution g(z)
Po(]2)po(2) ,
= z)lo dz e Bayes'rule
/zQ( ) g( po(z|x) )
po(z|2)po(2) CI(Z))
— 1 d ° 1
/zQ(Z) og( pe(zlz)  q(2) z just algebra

13
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Latent Variable Models &

log pe () Rewrite log likelihood by latent z
= /q(z)logpg(a:)dz « for any distribution g(z)
= / q(z) log (p o{zl2)p 9(z))dz ° Bayes'rule

% pg(le)

— /zq(z) log (pe (z12)po (2) Q(z))dz

po(zlz)  q(2)

pe(2) q(2)
J o) (tpotel=) + 10g 5+ 108 I

14
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Latent Variable Models &

log pg () Rewrite log likelihood by latent z

— /q(z)logpe(x)dz  for any distribution g(z)
Po(z|2)pe(2) . Baves’ rule

= /Z(J(z)log( 0p9(2|x9) )dz Bay |

10 (PR a2

- [ a@ros (ML)

_ 2 1o ol = po(2) & q(2) -

= /Zq( )(1 g po(z|z) + log () +1 gpg(z|x))d

= E.oq(s) | l0gpo(a12)| — Dia (a(2)lIpo(2)) + D (9(2) [po(2]2) )

15
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Latent Variable Models &

intractable |log pg(x) Rewrite log likelihood by latent z

= Eonys) | logpo(a]2)] |~ D (a(2)llpo(2)) +Diw. (a(2)lIpo (21)

intractable

16
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Latent Variable Models

— Dx1 (q(z) ||po (z|x)) intractable

intractable logpg(a:)l

= K ug(2) [logp9($|z)] — DL (Q(Z)Hpe(z))

17



Latent Variable Models

— Dx1 (q(z) ||po (z|x)) intractable

intractable logpg(a:)l

= | E g2 [logp9($|z)] — DL (Q(Z)Hpe(z))

\ J
Y

 Thisis called Evidence Lower Bound (ELBO)
* Lower bound of logpg(x)

* This equation holds for gny distribution g(z)
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Latent Variable Models

,(2|) ,(2|)
E..mq | 108 o(]2) | |~ D (1901[po (2))

\ J
Y

* Thisis called Evidence Lower Bound (ELBO)
* Lower bound of logpy(x)

* This equation holds for gny distribution g(z)

* Parameterize q(z) by q,(z|x)

19
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Latent Variable Models

7(2]) Gu(zlx)  p(2)
E.miq | 10820 (212) ||~ D ()| IPr4e))

\ J
Y

This is called Evidence Lower Bound (ELBO)
Lower bound of log pg(x)

This equation holds for gny distribution g(z)

Parameterize q(z) by g,(z|x)
let pg(z) be a simple known prior p(z)
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Variational Autoencoder

Maximize ELBO = minimize an objective:

£0,6(2) = ~Eargy(oley | 108 P (2]2)] + Drw (46(212)lIp(2))

21
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Variational Autoencoder

Maximize ELBO = minimize an objective:

Lo,¢(x) =|—Ezngy(2|a) [logpe(ivIZ)] + DkL (q¢(z|x)||p(z))

X encoder X\ Z decoder x’

qo(z]X)
Polx|z)

22
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Variational Autoencoder

Maximize ELBO = minimize an objective:

£0,6(2) = ~Eangy ele) | 108 20 (212)| + Drw. (a6(212)]Ip(2))

X encoder X\ Z decoder x’

qo(z]x)
polx|z)

23
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Variational Autoencoder

Maximize ELBO = minimize an objective:

£0,6(2) = ~Eangy ele) | 108 20 (212) | +Drw (46(212)]Ip(2))

y &
X encoder . Z decoder x’

qo(z]X)

l Peo(X|z)

p(z) 2
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Variational Autoencoder 1 Vel |

Q¢(Z|37)
po(z|2)

o A [10gp9(~’17 |Z)]

Example: L2 loss
 one-step Monte Carlo: z ~ g4(z|z)

network estimates

: /
° Mmapz by decoder net.[gg(z) — ] distribution’s parameters

 model pg(x|z) by Gaussian: py(z|z) = N(z | 2/, 02)

|z — 2'||? + const

* negative log likelihood: 2%3'

e |2 loss = a Gaussian neighborhood around data point x

25
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Variational Autoencoder el b

Q¢(Z|37)

zA po(z|2)
Dic (a0(21) 1p(2) .

Example: Gaussian prior
e Jlet p(z) =N(z]0,1)
 model g4(2|x) by Gaussian: N(z | p,0)

° b d i ( )_) again, network estimates
Map x by encoder net: [ folz #, 0 ] distribution’s parameters

* compute loss analytically: DKL(N(Z|/,L,O’) ||N(z|O,I)>

e fixed covariance = L2 losson U
26
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Variational Autoencoder

Maximize ELBO = minimize an objective:

£0,6(2) = ~Eangy el | 108 20 (212) | +Dre. (a6(212)]Ip(2))

X

‘Ll_

encoder
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q(z|x)

How to backprop
w.r.t. sampling?

decoder

Po(x|z)

xl

27



Variational Autoencoder

Maximize ELBO = minimize an objective:

£0,6(2) = ~Eangy el | 108 20 (12)| +Drr (6(2]2)]Ip(2))

e ~N(0,I)
- |

X encoder > Z2=UF O *XE> Z decoder x'

g—  Ge(z]x)

Po(x|z)

28
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Variational Autoencoder

... So far, we have discussed an objective on one x:
£0,6(2) = ~Eang (1) | 08 p0(212) | + D (05(212) 1p(2)
Overall loss is expectation over data:

Lo6=Earpr. (o) | —E, g, (2]2) [log pg(x|z)] + Dk, (q¢(z|m)||p(z))

29
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Variational Autoencoder

Inference (generation):
e sample z from: N(0,1)
* map z by decoder net: go(z)

z ~ N(0,1) —> &

r decoder

30
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Variational Autoencoder

Inference (generation):
e sample z from: N(0,1)
* map z by decoder net: go(z)

z ~ N(0,T)

E) decoder &N

& A:’s\;é
.
2
.

31
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Variational Autoencoder

Inference (generation):
e sample z from: N(0,1)
* map z by decoder net: go(z)

z ~ N(0,T)

E) decoder

32
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Variational Autoencoder

Inference (generation):
e sample z from: N(0,1)
* map z by decoder net: go(z)

N(0,1)

N

decoder

Decoder is a deterministic mapping from one distribution to another.

33
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A view of “Autoencoding Distributions” A

* decoder: maps latent distribution to data distribution

A decoder A

p(z) ~ Po(x)

34
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A view of “Autoencoding Distributions” A

* encoder: maps data distribution to latent distribution

* decoder: maps latent distribution to data distribution

encoder

A decoder

Pdata(x) p(Z)

35
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A view of “Autoencoding Distributions” A

* encoder: maps data distribution to latent distribution

* decoder: maps latent distribution to data distribution

A Gp(z]X) A Po(x|2) A

Pdata(x) p(Z) P@(x)

36
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Illustration

data point
xp do(z|%2) generated data
2 : ,,
A O
%(Z|x1)
data point
X1 O .---

39
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VAE: 2D latent space on MNIST

round 1: train in latent space
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To pdf users: this is animation. Check it on: “Introducing Variational Autoencoders (in Prose and Code)”
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
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VAE: 2D latent space on MNIST
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2D latent space on MINIST

VAE

O - N MS<T N O 0O

{
111 il

45

3

https://blog fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html


https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html
https://blog.fastforwardlabs.com/2016/08/12/introducing-variational-autoencoders-in-prose-and-code.html

VAE: 2D latent space on “Frey Face” dataset&
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